Abstract. In this short note, we prove that the stochastic order of Radon probability measures on any metric space is antisymmetric.
Introduction
Given real-valued random variables X and Y , one says that X is below Y in the usual stochastic order if P[X ≥ c] ≤ P[Y ≥ c] for every c ∈ R. Intuitively, if X and Y describe the return distributions of e.g. two financial assets, then Y is clearly at least as good as X is. Since this order relation does not depend on a joint distribution, it really is an ordering on the set of probability measures on R. It is also known under other names, such as (first-order) stochastic dominance; in this note, we will simply speak of the stochastic order. It is clear that the stochastic order is a preorder relation, i.e. it is reflexive and transitive. It is also easy to see that it is an antisymmetric relation on probability measures: the above inequality represents an inequality between cumulative distribution functions, and a probability measure is uniquely determined by its CDF. Hence if X is stochastically dominated by Y and conversely Y by X, then their distributions must be the same.
The stochastic order has also been defined long ago on ordered topological spaces [7, 1, 4] . More recent investigations have focussed on ordered metric spaces, exploiting and investigating interactions between the order and the metric [5, 3, 2] . Again it is not hard to see that the stochastic order is reflexive and transitive-although the latter is not necessarily obvious, depending on which characterization one uses as the definition (Theorem 2.2).
However, proving antisymmetry of the stochastic order takes a bit more work. Edwards [1, p. 59/71] noted that it holds for compact spaces due to the Stone-Weierstraß theorem, and more generally for completely regular ordered spaces in the sense of Nachbin [6] thanks to the existence of Nachbin compactifications. Hiai, Lawson and Lim proved recently that it holds for Radon probability measures of finite first moment on 2010 Mathematics Subject Classification. Primary: 60E15; Secondary: 28C15.
certain types of cones in Banach spaces [3, Theorem 4.3] . Although this is a special case of Edwards' observation, their proof is different. Subsequently, we proved that antisymmetry also holds for finite first moment measures on a large class of metric spaces which we call L-ordered [2] , where L-orderedness is a natural compatibility condition between order and metric slightly stronger than closedness of the order. We also showed that the class of L-ordered spaces coincides with the class of ordered metric spaces which can be embedded into ordered Banach spaces. Since not every ordered Banach space is completely regular ordered, this antisymmetry result is not covered by Edwards'.
In this note, we prove that antisymmetry indeed holds for all Radon probability measures on all ordered metric spaces (Theorem 3.1). Thus the only required compatibility condition between the order and the metric is that the order must be closed. Antisymmetry of the stochastic order for Radon probability measures on more general ordered topological spaces remains an open problem. For such a generalization, the setting of completely regular ordered spaces in the sense of Nachbin [6] may be the most natural.
Ordered metric spaces and stochastic order
Here we set up the necessary definitions and state some known equivalent characterizations of the stochastic order. In Section 3, we then prove the antisymmetry of the stochastic order.
Recall the following standard definition: 
is closed in X × X.
In the following, we also use the shorthand notation {≤} for the set (2.1). We write P(X) for the set of Radon probability measures on X. A set S ⊆ X is an upper set if x ∈ S and x ≤ y implies y ∈ S.
The stochastic order on P(X) is then defined by either one of the following equivalent characterizations. Theorem 2.2 (Strassen, Kellerer, Edwards). Let X be an ordered metric space. For p, q ∈ P(X), the following are equivalent:
There is a probability measure on X × X with support in {≤} whose marginals are p and q, respectively.
(d) For every monotone and bounded lower semi-continuous function
Here, the equivalence of (a) and (c) is due to Strassen's theorem [7, Theorem 11] for ordered Polish spaces, and due to Kellerer [4, Proposition 3 .12] for all ordered Hausdorff spaces. The equivalence with (b) follows from this upon applying the previous result to the opposite order and using p(U) = 1 − p(Ū ). For the equivalence with (d), see Edwards [1, Theorem 7.1] .
In the following, we will use (c) as the most convenient characterization of the stochastic order.
Main result
Theorem 3.1. For any ordered metric space X, the stochastic order on the Radon probability measures on X is antisymmetric.
Proof. We need to assume that we have Radon probability measures p and q with p ≤ q ≤ p, where these order relations are witnessed, respectively, by joint Radon probability measures r and s supported on the set {≤} ⊆ X × X. By pushing forward all of measures involved to the completion X, we see that it is enough to treat the case where X is complete, which we assume from now on. Now let S be the union of the supports of p and q, which is a closed separable subspace of X. It also becomes an ordered metric space with the induced order. Since the joints r and s must be supported on S × S, we conclude that it is enough to consider the case X = S, which is a Polish space. Now if X is a Polish space, then the Borel σ-algebra on any finite product X ×. . .×X coincides with the product σ-algebra of the Borel σ-algebras, since every open in X ×. . .×X can be written as a countable unions of basic opens of the form U 1 ×. . .×U n . The projection of any Borel set in such a product to a product with fewer factors is universally measurable thanks to the measurable projection theorem, and in particular measurable for the completion of any of our measures.
We will now prove that r is supported on the diagonal. For if it is not, then we have x, y ∈ X with x < y such that (x, y) ∈ supp(r). This means that we can find opens U, V ⊆ X with x ∈ U and y ∈ V such that r(U × V ) > 0, and such that U × V does not intersect the diagonal. Now consider the upper set T := ↑ V ; it is the projection of the Borel set { (x, y) | x ∈ V, x ≤ y } onto the second factor, and therefore T is measurable underp andq. Similarly, T × X and X × T are projections of Borel sets in X × X × X, and therefore measurable underr ands. We now computē
where the second equation is by upper closedness of T and the assumption that r is supported on {≤}. We therefore havep(T ) <q(T ). On the other hand, using the other joint s givesq (T ) =s(T × X) =s(T × T ) ≤s(X × T ) =p(T ), a contradiction. Hence our assumption that r is not supported on the diagonal must have been wrong. So r is supported on the diagonal. But then for every measurable set A ⊆ X, we have p(A) = r(A × X) = r(A × A) = r(X × A) = q(A), and hence p = q.
This argument is really the obvious argument that one would make in very simple cases, e.g. when proving that the stochastic order is antisymmetric on any finite partially ordered set. Although it is unclear to us whether the set T defined in the proof is necessarily measurable, its universal measurability is easy enough to establish.
